We present cylindrically symmetric solutions for a type of the Gauss-Bonnet gravity, in details.
Introduction
Gravity is the most popular fundamental force of the nature. We know many things about the attractive gravitational interaction from 400 years ago. In the weak field, we can describe the long distance interactions of the solar bodies by classical Newtonian mechanics. But if you want to explain some non classical facts of gravity , we need a relativistic , general covariance formulation of gravity in terms of the classical gauge fields [1] . According to the equivalence principle, based on the Mach's idea, the existence of any kind of the matter fields (classical or quantum form) needs a curved space to ignoring the local effects of the gravity in any local Lorentz invariance frame of the coordinates. The simplest one is based on the Ricci scalar R curvature , a second order derivatives of the metric of the spacetime manifold, adopted by the uniqueness theorem. It works in the best conditions in solar system, but it needs some necessary modifications beyond the galaxy and also inside the disk's galaxy to explain 1 e-mail: sthoundjo@yahoo.fr 2 e-mail: esialg@gmail.com 3 e-mail: d.momeni@yahoo.com 4 e-mail:rmyrzakulov@csufresno.edu the problems like dark matter or dark energy. A class of all such alternative gravitational models is called modified gravity (see [2] for an excellent review). Different kinds of this modifications has been proposed. The first extension which remains still now, as a remarkable one is obtained just by replacing the curvature scalar R by an arbitrary function f (R) [3] . The simple case of R 2 can be used in the inflationary scenario [4] , and also to explain the effects of the observational constraints on solar system . Also, a wide class of the cosmological aspects have been investigated recently based on such modifications [5] . But, the modifications of the Einstein gravity is not restricted to the curvature corrections. GaussBonnet topological invariant G gives us another possibility, which has a rich class of the cosmological predictions [6] . Also, the black objects in a theory of gravity with both R, G in the form of f (R, G) have been obtained in the literatures [7] .
The cylindrical symmetry gives us another opportunity to obtain exact solutions. In Einstein gravity it exists a wide class of exact solutions with cylindrical symmetry in vacuum and also with cosmological constant and scalar fields [8] . In modified gravity different kinds of exact solutions with cylindrical symmetry have been discussed in the literature, in f(R) [9] , Horava-Lifshitz gravity [10] , f(T) [11] and etc.
Recently [12] we start obtaining exact solutions in cylindrical symmetric spacetimes but in the context of f (R, G) gravity . We derived the field equations for a general form of the modified f(G) models with
Lagrangian in the form of f (R, G) ≡ R + f (G). In [12] , we proved that there exists a non vacuum family of exact solutions with R = 0 but with G = 0, corresponding to a fluid with generic forms of the energy density ρ and the pressure components p r , p ϕ , p z . The solution resembles the case of the vacuum Levi-Civita (LC) family [13] in the Einstein gravity as the exterior metric of a cosmic string [14, 15, 16] . In that letter , we just expose a very specific solution which corresponds to the LC solution.
In this present paper we continue studying the exact solutions for f (R, G) ≡ R + f (G), finding more solutions for some viable forms of f (G), by solving the differential equations of the motion analytically.
Moreover, we separately discussed the solutions for three viable forms of f (G). In any case, we discussed the viability and all possible non trivial solutions of the system which is under review. Also, we examine the solutions from the energy conditions using the modified (effective) gravitational field equations. As a review, we point out here the definitions of the null energy condition (NEC), weak energy condition (WEC), strong energy condition (SEC) and the dominant energy condition (DEC) as follows [17, 18] NEC ⇐⇒ ρ eff + p eff ≥ 0.
WEC ⇐⇒ ρ eff ≥ 0 and ρ eff + p eff ≥ 0.
SEC ⇐⇒ ρ eff + 3p eff ≥ 0 and ρ eff + p eff ≥ 0.
DEC ⇐⇒ ρ eff ≥ 0 and ρ eff ± p eff ≥ 0.
By starting from any gravitational model and by rewriting it in the forms of a set of effective energy momentum components, we will find that the essence of these energy conditions is independent from the form of the action [19] . It is easy to find that always, NEC implies WEC and WEC implies SEC and DEC. In all the subsequent models we will assume that the regular matter satisfies all the energy conditions separately i.e. ρ ≥ 0, ρ ± p i ≥ 0, ρ + 3p i ≥ 0. In literature, for example in f (R) gravity it has been tested for validity of the energy conditions [20] . Also, in f (T ) we examined these conditions for some viable models [21] . Thus, we must check the validity of these conditions for our cylindrical f (G)
solutions. For the importance of the NEC , we will check just this energy condition in any case. Further we obtained the formula for mass per unit length by the method proposed by Israel [22] . The Israel's formula gives us the mass per length for any isolated cylindrically symmetric system filled by the energy momentum of the matter as the following formula:
Mass per unit length ⇐⇒ m = 2π
Recently this formula has been used to calculate the quasi-local mass per unit length for a class of the conformally cylindrical metrics as the interior solutions to the Linet-Tian family [23] . Our plan in this paper is the following: In section II, we present the model and we derive field equations and energy conditions inequalities. In sections III, IV, V we will solve the system of equations for some particular viable models of f (G). In section VI, we analysis the dynamics of the solutions using energy conditions.
We conclude and summarize in final section our results.
Formalism of f (G) gravity and equations of motion within cylindrical metric
We introduce the action for a typical general R + f (G) modification of gravity following [24] 
As usual in Einstein gravity, by working with the commutative connections in a Riemannian spacetime, R represents the Ricci scalar, and the modification function f (G) corresponds to a generic globally differentialable function of the Gauss-Bonnet topological invariant G. Also we add the matter action S m which induces the energy momentum tensor T µν . For convention we take κ = 8πG N , where G N is nothing just the usual classical Newtonian gravitational coupling. In metric formalism and by taking the metric as the dynamical variable of the model, the equations of motion for the metric g µν from (6) read
We denote by
dG also the Gauss-Bonnet (GB) term is defined as
R µν and R µνλσ play the roles of the Ricci tensor and Riemann tensors, respectively. WE adopted the signature of the Riemannian metric as (+ − −−) , and
ωρ for the covariant (curved)derivative and the Riemann tensor, respectively. We have different possibilities for the form of a static cylindrically symmetric metric. The more common and simplest on is the Weyl gauge in which it is easy to interpret the metric functions as the generalized potential functions. This form of the coordinates, called Weyl coordinates (t, r, ϕ, z) is given by [25] g µν = diag e 2u(r) , −e 2k(r)−2u(r) , −w(r) 2 e −2u(r) , −e 2k(r)−2u(r)
.
Here we must be very careful about any simple interpretation of the coordinates r, t as the usual radial and time. The curvature scalar and the Gauss-Bonnet invariant term G read, respectively
G = 8e
So by applying the static cylindrical metric (8) the equation (7), we obtain the following system of coupled four non linear differential equations 8e
Using the Eqs. (11) (12) (13) (14) we have the following expression for mass per unit length, through the (5),
Here r 0 denotes the radius of a typical string. We can read this integral without the upper bound r 0 as a well defined expression for local mass (quasi local) concentrated in a shell with radius r of the axis. Also, the singularity of the integral as an improper integral at r = 0 understood on the meaning of the thick and thin strings. Also, we used the expressions of the energy-momentum tensor components effective in the integral. This definition is conventional and it can be understood easily if we write the equations in the weak field of a Newtonian distribution of the matter and usage of the classical Poisson's equation
for a non localized distribution of the matter with T µν in a finite (or compact, spatially) region Ω. So, the integral must be evaluated as integral over spacelike hypersurface orthogonal sheet in Ω as Ω dr √ h where h denotes the determinant of the positive definite space like slice of the metric manifold Σ 4 .
Also, the NEC for three different pressure components implies that we must check the following inequalities:
NEC for radial pressure p r
We will check NEC through (16) (17) (18) for the exact solutions of the viable models.
3 Solutions for the model
This is a special case of the models which have been discussed before [26] . This model is interesting because the Big-Rip singularity may not appear. Also, the cosmology of this model predicts the existence of a transient phantom epoch, compatible with the observational data. Moreover, this viable model is the dominant term of a more general case of
in the regime of the high curvature and also in the primordial formation structure era. In this case the system of the equations of motion (11) (12) (13) (14) are integrable in five different classes as follows: Here we propose solutions to this model, i.e, finding solutions to the line element and expressions to the energy density and the pressures. We present the solutions to the line element as
where u 1 , w 0 and w 1 are constants. Then, the Gauss-Bonnet invariant and the curvature scalar become respectively
By making use of the field equations (11)- (14), one gets the energy density and pressures as 
p r (r) = 
Now the metric reads:
This is a conform-stationary metric, non singular, so cannot describe a black string.
The mass expression in this case reads from (5), and by integration we obtain
Because the mass of the cosmic string is about m ∼ 10 −7 we can constraint the parameters w 1 , u 1 , ... as viable functions of the observational quantities.
• Second case
The line element in this case are presented as
where u 0 and w 0 is a constant but may not be confused with that of the previous case. With these solutions, the Gauss-Bonnet invariant reads G(r) = 64u 
Consequently, the metric reads:
This again represents a conform-stationary metric, non singular, so it can not describe a black string.
Like the previous case, mass expression in this case reads from (5) 
• Third case
The line element parameters w(r) and k(r) are fixed as
Therefore, the Gauss-Bonnet invariant and the curvature become
In order write put down a suitable expression for the line element parameter u(r), we assume the following relation between G(r) and R(r)
by solving this latter, one gets u(r) = u 0 + 12 + w 2 0
where u 0 is an integration constant, leading to the final forms of G(r) and R(r) as 
The energy density and pressures are get respectively as ρ(r) = (12 + w 
β ≡ 12 + w 2 0
Here µ = w β 0 e −βu0 denotes the unique parameter of the solution and it may play the role of the conical deflection parameter. This again represents a conform-stationary metric, non singular, so it can not describe a black string. Like the previous case, mass expression in this case reads from (5) 
• Fourth case
In this case, we assume the parameters w(r) and k(r) of the line element as
As we performed in the previous case, we need to find a suitable expression for the line element parameter u(r). To do so, we assume the following relation between G(r) and R(r) as
such that action algebraic function becomes
Now, by introducing an auxiliary function ψ to be identified to the radial coordinate r (ψ = r), one can rewrite the action algebraic function as
such that G(r) and R(r) become
Once again, relation is required between G and R in order to find a suitable expression for the line element parameter u(r). To this end we assume the following relation
from which, using (58) and (59) 
Now the metric reads
This is a very important result and it shows a scale independent solution with hypers-calling parameter α = 0. The observers in all points of this space time measures the physical lengths without any need to including the redshift factors, because this solution is scale independent. For this case the mass reads m = 27
Here for r → 0, m → ∞.
• The fifth case
In this case the parameters of the line element are
The Gauss-Bonnet invariant term and the curvature scalar read
Therefore, the corresponding energy density and pressures read ρ(r) = − w 
This case is analogue to the LC family in GB gravity, which has been discussed recently [12] . The mass
4 Solutions for the model f (G) = αG 
So, the line element reads
This metric is conform-flat-stationary metric of one parameter family of the exact solutions. The mass
where C = 786432 5 αr 10 u 0 10 − 9306112 9 αr 9 u 0 10 + 884736αr 8 u 0 9 w 0 − 4587520αr 7 u 0 9 w 0 + 1179648αr
This later case is analogue of the exponential f (R)-gravity model which reproduces the current epoch of the accelerated expansion of the universe and also the de-Sitter final stage as well [27] . By replacing the curvature role by G, it can be used as an alternative viable model with stable attractors in f (G)
gravity. So, we apply it to construct the exact solutions. For such more complicated model, we find solution for the line element, i.e, obtaining the expressions of w(r), u(r) and k(r). For this we choose the parameters as
Therefore, the Gauss-Bonnet invariant and the curvature scalar read
Still making use of (82), one gets the energy density and pressures as
On the other hand, by setting u 0 = M and k 0 = M 2 , the parameters are written
such that the curvature scalar vanishes. In this case, the Gauss-Bonnet invariant reads
Thereby, the energy density and pressures become (94) This is exactly the LC family but with G = 0 in f (G) [12] .
Analysis of the energy conditions
In this section we will do the full analysis on the NEC for all families of the solutions which have been presented in the previous sections. We list the cases below:
For the first NEC for radial pressure p r we will have
Where in it 
Further for the azimuthal pressure we have
Here
We plot these inequalities in the Figure 1 (Top-Left panel). As we observe here, the NEC is satisfied for all three pressure components.
For the second family for p r , p ϕ , p z we will have respectively 
As we observe from panel (Top-Right) the azimuthal pressure violates the NEC.
For the third family we write
Obviously all three satisfy the NEC, as we see in the (Middle-Left).
For the fourth family we derive the following expressions 
Here the parameters adjusted as β = 0.5, α = 1, u 0 = 1.8, w 0 = 0.7, w 1 = 1.5, u 1 = 1.22, k 0 = 1.5. Blue for radial, red for azimuthal and green for axial. 
Model f (G) = α 3 exp (G)
The last case which is the metric of the exterior of a cosmic string is described by the following expressions: 
From Figure. 2, we observe that for r > 2, the energy conditions of type NEC is satisfied. This analysis completed the dynamical features of the solutions.
Conclusion
Cylindrical solutions have a key role in the string theory in relation to the spontaneously symmetry breaking of the abelian gauge fields and also as the most fundamental objects which had been produced in the very early universe with a very small mass order. Different kinds of the cosmic strings have been obtained before in Einstein gravity, extended modified gravities both in the classical and also in quantum levels. In this paper we investigated cylindrically symmetric solutions of a type of modified Gauss-Bonnet gravity. By the choice of some viable forms of the Gauss-Bonnet term, we solved the equations and found seven classes of solutions, including the metric of the exterior of a cosmic string. Further, for checking the dynamical behaviours of the system, we checked the null energy conditions which implies another types of the energy conditions. In some models, the azimuthal pressure violated the energy condition for a distinct radius scale. We interpreted this radius as a candidate for the existence of the cylindrical wormholes in Einstein-Gauss-Bonnet gravity. We mention that in this paper just some particular solutions have been found and the full description of the system, under perturbations, attractors and etc needs more future works.
